
Biophysical Journal Volume 73 July 1997 88-96

Estimation of the Diffusion-Limited Rate of Microtubule Assembly

David J. Odde
Department of Chemical Engineering, Michigan Technological University, Houghton, Michigan 49931 USA

ABSTRACT Microtubule assembly is a complex process with individual microtubules alternating stochastically between

extended periods of assembly and disassembly, a phenomenon known as dynamic instability. Since the discovery of dynamic
instability, molecular models of assembly have generally assumed that tubulin incorporation into the microtubule lattice is

primarily reaction-limited. Recently this assumption has been challenged and the importance of diffusion in microtubule

assembly dynamics asserted on the basis of scaling arguments, with tubulin gradients predicted to extend over length scales

exceeding a cell diameter, -50 ,tm. To assess whether individual microtubules in vivo assemble at diffusion-limited rates and
to predict the theoretical upper limit on the assembly rate, a steady-state mean-field model for the concentration of tubulin

about a growing microtubule tip was developed. Using published parameter values for microtubule assembly in vivo (growth
rate = 7 ,um/min, diffusivity = 6 x 10-12 m2/s, tubulin concentration = 10 ,uM), themodel predicted that the tubulin

concentration at the microtubule tip was -89% of the concentration far from the tip, indicating that microtubule self-assembly
is not diffusion-limited. Furthermore, the gradients extended less than -50 nm (the equivalent of about two microtubule
diameters) from the microtubule tip, a distance much less than a cell diameter. In addition, a general relation was developed
to predict the diffusion-limited assembly rate from the diffusivity and bulk tubulin concentration. Using this relation, it was
estimated that the maximum theoretical assembly rate is -65 ,tm/min, above which tubulin can no longer diffuse rapidly
enough to support faster growth.

GLOSSARY

c concentration of tubulin (,uM)
CX, concentration of tubulin far from microtubule (,uM)
D translational diffusivity (m2/s)
K conversion factor between V and W (= 4.54 X

i0-17 ptmol s-1 mmn am-')
N number of protofilaments
r radial position (nm)
s distance from center of microtubule tip (nm)
so radius of microtubule tip (nm)
V microtubule growth rate (,um/min)
W tubulin subunit incorporation rate (,umol/s)
z axial position (nm)

INTRODUCTION

Microtubule assembly occurs by a phenomenon known as

dynamic instability, in which individual microtubules
switch stochastically between extended growth and short-
ening phases (Mitchison and Kirschner, 1984a,b). A single
growth (or shortening) phase can result in the gain (or loss)
of thousands of tubulin af3-heterodimers, the protein com-

plexes that constitute microtubules. Identifying the mecha-
nisms responsible for dynamic instability is important not

only for understanding how the cytoskeleton is regulated,
but also for facilitating the development of microtubule-
directed cancer chemotherapeutics (e.g., taxol and vinblas-
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tine), which are among the more effective anticancer drugs
(Horwitz, 1994; Rowinsky et al., 1994; Wilson and Jordan,
1994).

Originally it was assumed that microtubule assembly
dynamics could be modeled as a stochastic switching pro-
cess without considering translational diffusion of tubulin
subunits to the growing tip of the microtubule as a poten-
tially rate-limiting effect (Hill, 1987; Mitchison and Kirsch-
ner, 1987; Bayley et al., 1989, 1990; Gliksman et al., 1993;
Martin et al., 1993; Odde and Buettner, 1995; Odde et al.,
1995). The basis for neglecting diffusion has been that
tubulin can diffuse rapidly relative to the assembly rate
(Bayley, 1993). Using a diffusivity of 5.9 X 10-12 m2/s
(tubulin in sea urchin eggs; Salmon et al., 1984) implies that
in 1 s the average displacement of a tubulin subunit will be
-6 ,um, whereas a microtubule will elongate only -0.12
,um in the same time (assuming a growth rate of 7 gm/min;
Cassimeris et al., 1988). In addition, Brownian dynamics
simulation of protein-protein binding demonstrated that ro-
tational diffusion during a lengthy collision between bind-
ing partners, and not translational diffusion, is most likely
the rate-limiting step in association (Northrup and Erickson,
1992). Together these results support the assumption that
translational diffusion can be neglected when microtubule
dynamic instability is modeled.

However, in more recent studies this assumption has been
challenged. First, by using a mean-field modeling approach
that combined reaction and diffusion effects, it was found
that microtubules nucleated from a planar surface divide
into two populations: a leading group that has ample tubulin
available for continued growth and a lagging group that
exists in a region left tubulin-poor by the leading group
(Dogterom and Leibler, 1993). It was asserted that this
effect would take place as long as the spacing between
microtubules was less than a characteristic distance, Id =

DIV, which for the parameters listed above is -50 gm. This
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suggests that a microtubule will be directly affected by all of
the other microtubules in the cell, because this distance
exceeds typical cell dimensions. A subsequent study, again
using mean-field analysis, concluded that diffusive effects
could play a role in assembly when centrosome-nucleated
microtubules are less than -5 gm long (Dogterom et al.,
1995). In addition to these theoretical analyses, it was
shown that microtubules assembled in vitro at concentra-
tions high enough to initiate spontaneous bulk nucleation
and assembly exhibited birefringent patterns characteristic
of nonlinear systems in which reaction and diffusion are
tightly coupled (Tabony, 1994). Given the complex, inter-
active nature of these systems, in which tubulin diffusion
has been implicated as an important aspect of microtubule
assembly, it would be useful to be able to predict the
theoretical upper limit for the assembly rate and define the
conditions under which individual microtubule assembly
will be diffusion-limited.
To address these issues, I developed a mean-field model

to predict the tubulin concentration as a function of distance
from the microtubule tip. Using a GTP-tubulin concentra-
tion of 10 ,uM (Mitchison and Kirschner, 1987), a growth
rate of 7 Am/min, and a diffusivity of 5.9 x 10-12 m2/s, it
was found that the surface concentration is -8.9 ,uM and
that the concentration gradient decays to background levels
within -50 nm of the tip. In addition, an expression for the
theoretical maximum growth rate was derived and used to
estimate a -65 ,um/min maximum growth rate, assuming
the same tubulin concentration and diffusivity. Using the
mean-field approach, a model was also obtained for the
GDP-tubulin distribution during disassembly. The model is
sufficiently general that it can be applied to other linear
polymers such as filamentous actin.

The appropriate boundary conditions for the system are

(3A)

I7S ac\
B.C. 2 4Ts2DI = W ats =so

ac
B.C.3 =0 atr=0\ar-

(3B)

(3C)

where s0 is the radius of the tip (see below) and W is the rate
of subunit incorporation in ,umol s- 1. Note that the rate of
subunit incorporation (W) is proportional to the growth rate
(V) according to the relation W KV, where K is a constant
(K = 4.54 X 10-17 Zmol s-1 min Zm-1, assuming 1640
subunits/,m of microtubule length). The first boundary
condition (Eq. 3A) specifies the bulk concentration of tu-
bulin (assumed constant), the second boundary condition
(Eq. 3B) specifies a constant flux at the surface of the
microtubule tip, and the third boundary condition (Eq. 3C)
imposes the required symmetry about the z axis. To obtain
an analytical solution, it was necessary to model the micro-
tubule tip as a sphere with surface area equal to the surface
area of a growing microtubule tip. Thus the final expression
for the steady-state tubulin concentration is given by

W V
c(r, z) = c. - XD exp 2D (s Z) (4)

This solution has three parameters: the diffusivity D, the
bulk tubulin concentration cO,O and the growth rate V (which
is proportional to W). A related expression is obtained for
the case of microtubule disassembly, in which the GDP-
tubulin concentration is given by

MODEL

The starting point in the analysis is to define the equation of
continuity for tubulin and the relevant boundary conditions
for the system. Assuming Fick' s law of diffusion, the
steady-state transport equation for cylindrical coordinates is
given by

1 a ac a2c\ dc
O = Dt drt , +PdZ V d 1r ar \ar z2/ 3z(1

where c is the concentration of tubulin, z is the axial position
(assumed to be the axis of the microtubule), r is the radial
position (away from the microtubule axis), D is the trans-
lational diffusivity of tubulin, and V is the rate of growth.
The growing tip of the microtubule is fixed at the origin, and
therefore the medium can be regarded as plug flow past the
growing tip, which gives rise to the convection term in Eq.
1, because the microtubule continues to grow (at rate V)
through the stagnant medium. To solve for c(r, z), a new

variable, s, was defined as the distance from the origin:

s = Vr2 + z2 (2)

W V
c(r, z) = exp 2D (s Z) (5)

which is obtained by setting the bulk concentration to zero
in Eq. 3A and reversing the sign of the flux expression in
Eq. 3B. Symmetry about the z axis is again required by Eq.
3C. Given the appropriate parameters, the expressions in
Eqs. 4 and 5 can be used to predict the steady-state concen-
tration profiles about growing and shortening microtubules,
respectively. The model does not make any particular as-
sumption about the polymerization process, only that it can
be characterized by a constant growth rate and a single
translational diffusivity. Therefore, the equations are suffi-
ciently general to be applied to an arbitrary linear polymer-
ization or depolymerization process.

RESULTS

Predicted tubulin concentration profile
during assembly

To determine whether there is a significant depletion of
tubulin in the vicinity of a growing microtubule tip, pub-
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lished values for the rates of diffusion and reaction were
used as model parameter estimates. As a basic parameter
set, V = 7 p.m/min (measured in newt lung epithelial cells;
Cassimeris et al., 1988), D = 5.9 X 10- 12 m2/s (measured
in sea urchin eggs; Salmon et al., 1984), and c,0 = 10 p.M
(estimated for interphase fibroblasts; Mitchison and
Kirschner, 1987) were chosen. When these parameters are
used in Eq. 4, the concentration at the microtubule surface
is -8.9 p.M and the concentration returns to the bulk
concentration level (10 p,M) within -50 nm of the tip
surface, as shown in Fig. 1. Because the surface concentra-
tion is only -10% less than the bulk concentration, the
assembly is well below the diffusion-limited rate that occurs
when the surface concentration reaches zero (at which point
the subunits react instantaneously at the microtubule tip).
An interesting feature of the concentration profile is that

it is apparently dependent only on the distance, s, from the
tip. By examining Eq. 4, it can be seen that the exponential
term, which gives rise to asymmetry in the concentration
profile, is very nearly unity for the parameters used here (the
exponential decay constant V/2D = 9.9 X 10-6 nm- 1). In
addition, using the Frossling correlation for flow past a
sphere predicts a Sherwood number of 2.001, essentially
equal to the limiting value of 2 for stagnant systems (Mc-
Cabe et al., 1993). Therefore a simplified form of Eq. 4 is
given by

w
c(s) = c"o- 4irDs (6)

where the concentration is now only a function of the
distance, s, from the tip. For the basic parameter set, the
radius of the tip, s., was estimated by assuming that the

surface area of a protofilament tip is --16 nm2 (approxi-
mately a 4 nm x 4 nm surface). By using a 13-protofilament
microtubule, an effective surface area of 13 X 16 nm2 =

208 nm2 is obtained, which corresponds to a sphere of
radius so = 4 nm. The effect of varying the number of sites
available for tubulin incorporation is discussed below.

Effect of growth rate

Cells are capable of regulating their rate of microtubule
assembly, for example, by increasing the assembly rate in
mitosis severalfold over the interphase assembly rate (Bel-
mont et al., 1990; Hayden et al., 1990; Simon et al., 1992).
The effect of growth rate on the tubulin concentration
profile is shown in Fig. 2. When the basic parameter set is
used, the concentration again reaches the bulk level (10
,M) within -50 nm, although the gradient extends to
greater distances as the velocity increases. In addition, the
surface concentration does not reach zero until the growth
rate reaches 65 ,um/min, much higher than the highest
measured value of 20 ,im/min in Chinese hamster ovary
(CHO) fibroblast cells (Shelden and Wadsworth, 1993).
Note that when the surface concentration is zero, the bulk
concentration is c,. and therefore the tubulin concentration
is still above the critical concentration required to support
microtubule assembly. When the 20 pgm/min growth rate is
used, an intermediate concentration profile is obtained be-
tween the basic parameter rate and the diffusion-limited
assembly rate, and the tip concentration in this case is
--6.9 ,uM.

Effect of diffusivity

With the experimentally determined diffusivity (5.9 X

10- 12 m2/s in sea urchin eggs), the tip concentration is
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FIGURE 1 Predicted steady-state GTP-tubulin concentration profile
about a growing microtubule. The basic parameter set (V = 7 ,um/min,
D = 5.9 X 10-12 m2/s, c"" = 10 ,tM) was used, and the tip was modeled
as a sphere with radius 4 nm. The concentration at the tip is -8.9 ,uM, and

the concentration gradient occurs over -50 nm distance from the tip. The
microtubule lies in the horizontal plane parallel to the x axis, with the tip
centered at the origin. Distances (on the horizontal axes) are in nanometers

and concentration (on the vertical axis) is in micromolarity.
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FIGURE 2 Effect of velocity on predicted GTP-tubulin concentration
profile. Using the basic parameter set, the growth becomes diffusion-
limited when the velocity reaches 65 ,um/min, because at this point the
concentration at the tip is zero. The highest reported growth rate is 20
,um/min, which is shown for comparison.
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Diffusion-Limited Rate of Microtubule Assembly

predicted to be 8.9 ,M. However, in the cell the effective
diffusivity can potentially depend on the local structure of
the cytoplasm (Provance et al., 1993), and therefore it is
useful to know how the assembly will be affected when the
diffusivity is decreased. As shown in Fig. 3, the tip concen-
tration decreases with decreasing diffusivity and reaches
zero (i.e., the diffusion limit) when the diffusivity is 6.4 X
10-13 m2/s, which is ninefold lower than that measured by
Salmon et al. (1984). Again, the tubulin concentration gra-
dient exists only over -50 nm.
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Upper limit for microtubule assembly rate

The theoretical maximum growth rate can be obtained from
Eq. 4 by setting c to zero and solving for V. Assuming that
the exponential goes to unity as discussed above, we obtain

41TDc.so
V = (7)

Impossible

diffusion-limited rate for
basic parameter set

/ ' Possible

/ ~~~~~~~O-basic parameter set
II

0 2 4 6

Diffusivity, D (m2/s )

8 1Oxl01

FIGURE 4 Predicted upper limit for microtubule growth rate. The max-
imum rate, Vmax, is a linear function of D according to Eq. 6. Velocities
below the maximum are physically possible, whereas those above the limit
are not. When the basic parameter set is used, all reported velocities fall
below the line and are at least a factor of 2-3, and more typically a factor
of -10, below the diffusion-limited velocity.

where K is the conversion factor between the velocity, V,
and the rate of subunit incorporation, W. This result implies
a linear relationship between diffusivity and maximum ve-
locity, as shown in Fig. 4. In the region below the line,
assembly is physically possible, whereas above the line
diffusion is not sufficiently rapid to sustain the required
growth rate. For example, by using the basic parameter set
(V = 7 ,um/min, D = 5.9 X 10-12 m2/s), a point on the
graph is defined that is well below the diffusion-limited
maximum growth rate of 65 ,um/min for this basic param-
eter set. The limiting line in Fig. 4 has a slope that is directly
proportional to the bulk concentration, and therefore dou-
bling the tubulin concentration effectively doubles the max-
imum growth rate. In general, the relation given in Eq. 7
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provides a map of the parameter space and serves to define
how "close" the system is to the diffusion limit.

Effect of number of protofilament sites available
for subunit incorporation

In the model development, the microtubule tip was approx-
imated as a sphere of radius so. To determine so, the area of
the microtubule tip was estimated and a sphere of equal
surface area used in the calculations (so = 4 nm). To make
this estimate it was assumed that all 13 protofilaments were
capable of having subunits added to their termini. However,
electron microscopic images of microtubule tips indicate
that protofilaments grow in a concerted fashion, suggesting
that not all protofilaments are capable of having subunits
added at all times (Simon and Salmon, 1990; Mandelkow et
al., 1991; Chretien et al., 1995). In addition, microtubules
can have variable numbers of protofilaments instead of the
nominal 13 assumed in the basic parameter set. Thus it is
necessary to relate so to the number of sites available for
addition. This relationship is given by

so = 2 (nm) (8)

- 6.4 x 10 where N is the number of sites available for addition, and a

_ . 16-nm2 area is assumed for each site (see description in
1l Model section above). As shown in Fig. 5, by combining

L5 Eqs. 7 and 8, the maximum growth rate can be estimated as
0 tO0 20 30 40 50

a function of the number of protofilaments that are capable
Distance, s (nm) of adding a tubulin subunit. Using N = 1, the lowest

3 Effect of diffusivity on the predicted GTP-tubulin concen-
possible value, yields a diffusion-limited growth rate of 18

orofile. Using the basic parameter set, growth becomes diffusion- jim/min, roughly equal to the fastest reported growth rate
when the diffusivity reaches 6.4 x 10-13 m2/s. An intermediate (-20 ,um/min), but still above the basic parameter set rate
ty of 2.0 x10-12 m2/s is shown for comparison. of V = 7 ,um/min.
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FIGURE 5 Maximum growth rate as a function of number of sites
available for subunit addition. To predict the diffusion-limited growth rate,

it was assumed that 13 sites were available for subunit addition, corre-

sponding to a 65 ,Lm/min growth rate. Even in the extreme of only one site
being available, the basic growth rate of 7 ,Lm/min is still predicted to be
below the diffusion limit of -18 ,tm/min.

GDP-tubulin concentration profiles
during disassembly

The basic model (Eq. 4) can be modified to describe the
concentration profile of tubulin during disassembly (Eq. 5).
Although tubulin is incorporated into the lattice as GTP-
tubulin, it leaves the lattice as GDP-tubulin because of the
GTP hydrolysis associated with dynamic instability (Carlier
and Pantaloni, 1981; Carlier, 1982; O'Brien et al., 1987).
Assuming that V = 17 ,um/min (measured for newt lung
epithelial cells; Cassimeris et al., 1988) and c,, = 0 ,uM, the
model predicts a tip concentration of 2.6 ,uM, with the
gradient vanishing within -50 nm of the tip, as shown in
Fig. 6. Higher disassembly rates lead to higher tip concen-

trations. The parameter values used cover the reported range

of shortening rates (see summaries in Gildersleeve et al.,
1992; Odde and Buettner, 1995). These concentrations are

sufficiently large that they could influence microtubule dis-
assembly and cause occasional pauses during shrinkage
phases (Vandecandelaere et al., 1995).

DISCUSSION

By modeling the growing microtubule tip as a sphere mov-

ing at rate V through a medium having tubulin concentration
c0, and a tubulin diffusivity D, an analytical solution was

obtained for the steady-state diffusion-reaction problem.
When literature values are used for these parameters, the
concentration of tubulin at the growing tip is estimated to be
-89% of the bulk concentration, c,0. If the ratio of VID is
increased ninefold, then the microtubule growth is at the
diffusion limit, implying that microtubules are normally
assembled at rates well below the diffusion limit. In addi-
tion, the concentration gradient generated by assembly ex-

tends only -50 nm from the tip, thus limiting the distance
over which a single microtubule can exert its influence over

Tip
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37 pm/min
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.. ...................................................
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10 20 30 40 50
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FIGURE 6 Predicted steady-state GDP-tubulin concentration profile
during disassembly. After incorporation into the microtubule lattice, GTP-
tubulin undergoes hydrolysis to GDP-tubulin. When the microtubule
switches into the shrinkage state, GDP-tubulin is released from the micro-
tubule tip. A shrinkage rate of 17 Am/min, measured in newt lung epithelial
cells (Cassimeris et al., 1988), is typical of in vivo shrinkage rates. Note
that increasing disassembly rates lead to higher GDP-tubulin concentra-
tions at the tip.

the assembly of other microtubules by depleting the local
tubulin pool.

Limitations of the model

The model currently assumes that the microtubule tip can be
re sented as a sphere of surface area equal to that of the
microtubule tip. Doing so permits an analytical solution to
the model, and the challenge then is to estimate the appro-

priate size for the sphere. It was assumed that 13 protofila-
ments are capable of tubulin subunit addition and that, if the
surface area of each addition site can be modeled as a 4
nm x 4 nm square, there is a total surface area of 208 nM2,
which corresponds to a 4-nm spherical radius. Based on
electron microscopic images of growing microtubules, it
appears that protofilaments remain concerted in their
growth, so that very few project far out in front of the rest
(Simon and Salmon, 1990; Mandelkow et al., 1991; Chre-
tien et al., 1995). This suggests that protofilaments are not
always capable of subunitdit ion (Chen and Hill, 1985;
Bayley et al., 1990) andtthe sue surface area available for
growth is therefore reduced, resulting in a spherical radius
of less than 4 nm (see Fig.5). However, the outer radius of a
microtubule is 3n13 nm, and using much smaller radii
(<4 nm) may place a physically unrealistic constraint on the
assembly. For now, it seems reasonable to base the size on
13 protofilaments until experimental evidence permits bet-
ter estimation of the surface area available for growth. It
should be noted that even using a 1-nm radius (correspond-
ing to a single protofilament) gives a diffusion-limited
growth rate of 18,mm/min, roughly a factor of 2-3 above the
growth rate measured in newt lung cells. In addition, the
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model ignores the excluded volume of the microtubule
itself, the presence of which would presumably favor as-
sembly and therefore a higher upper limit (Zimmerman and
Minton, 1993). More realistic models for the tip surface will
require numerical solutions to the transport problem.

Another limitation of the model is that it is a mean-field
solution. Therefore the stochastic fluctuations in growth
rate, diffusivity, and bulk tubulin concentration are not
accounted for in the model and are instead averaged over
time and space to obtain the steady-state solution. For
example, it has been shown for microtubules assembled in
vitro from purified tubulin that the growth rate can exhibit
significant fluctuations beyond that attributable to measure-
ment error (Gildersleeve et al., 1992; Odde et al., 1996).
Therefore, during a transiently accelerated growth period, a
growing microtubule may reach the diffusion limit. How-
ever, it would be expected that the transient depletion of
tubulin would tend to slow the growth, thus restoring the
velocity toward its average rate. Because microtubules per-
sist in their growth for extended periods (on the order of a
minute) and exhibit roughly constant growth, the mean-field
assumption can be a useful approximation. It is worth noting
that, based on the data of Gildersleeve et al., the experimen-
tally observed fluctuations in growth rate (SD/mean = 0.23
for -20-s periods) are much larger than is predicted based
on the assumption of Poisson arrivals of tubulin dimers
(SD/mean = 0.025) or experimental error (SD/mean =
0.07). This suggests that the experimentally observed fluc-
tuations are more likely the result of GTP-cap dynamics in
the microtubule lattice as predicted by computer simulations
(Martin et al., 1993; Odde et al., 1996).

Comparison to experiment

The growth rate for microtubules can vary, depending on
the conditions (reviewed in Cassimeris, 1993; see also tab-
ulation of reported values in Gildersleeve et al., 1992; Odde
and Buettner, 1995). In purified systems in vitro, the growth
rates are typically -1 ,um/min, whereas in living cells they
are typically 4-7 gm/min. Higher rates of 10-12 ,um/min
have been observed in Xenopus egg extracts (Belmont et al.,
1990; Verde et al., 1992), and a rate of 20 ,um/min has been
measured for CHO fibroblasts (Shelden and Wadsworth,
1993). In CHO fibroblasts, the standard deviation was 10
,um/min (N = 25), indicating that a subset of microtubules
elongates at even higher rates (-30 ,um/min). Because the
diffusion limit is predicted to be -65 ,um/min using the
basic parameter set, the highest reported rates are still at
least a factor of 2 below the diffusion limit. That assembly
is generally below the diffusion limit has implications for
understanding the mechanisms of the microtubule-associ-
ated protein XMAP215 (and other molecules having similar
activity), which accelerates microtubule elongation from 1
gm/min to 8 ,um/min in a purified assembly system
(Vasquez et al., 1994). The present model predictions sug-

originally suggested by Vasquez et al., but rather to promote
the incorporation of tubulin subunits into the microtubule
lattice structure, perhaps by facilitating the proper orienta-
tion of tubulin at the microtubule tip.

Whereas data abound for microtubule growth rates, only
two studies have reported on the diffusivity of tubulin in the
cytoplasm (Salmon et al., 1984; Salmon and Wadsworth,
1986). Using sea urchin eggs microinjected with fluoresce-
in-tubulin, fluorescence redistribution after photobleaching
(FRAP) was performed, and, using Fick's law of diffusion,
a translational diffusivity of D = 5.9 + 2.2 X 10- 12 m2/s
was estimated. Salmon and Wadsworth (1986) measured
the diffusivity of tubulin in BSC-1 cells using FRAP and
estimated that D = 1-2 X 10- 12 m2/s (at a temperature of
32°C). Using the lower value of D = 1 X 10- 12 m2/s
corresponds to a maximum growth rate of 11 ,um/min,
whereas Schulze and Kirschner measured the growth rate in
BSC-1 cells to be 5.0 2.4 ,um/min (Schulze and
Kirschner, 1988). Salmon et al. (1984) estimated that the
apparent viscosity of the egg cytoplasm was about eight
times that of water. Similarly, for fluorescent dextrans of
approximately the same size as tubulin, the ratio of viscos-
ities (cytoplasm to water) was -6 in Swiss 3T3 cells (Luby-
Phelps et al., 1986). In a study of tubulin transport in
growing grasshopper nerve axons, the diffusivity of a fluo-
rescent dextran expected to have diffusion characteristics
similar to those of tubulin (based on size) was estimated to
be D = 8.0 1.1 X 10- 12 m2/s in the axon (Sabry et al.,
1995). That tubulin diffusivities are generally lower in the
cytoplasm than in aqueous solution may reflect weak, tran-
sient binding of tubulin to larger (possibly tubulin and/or
MAP oligomeric) structures (Jacobson and Wojcieszyn,
1984) and/or an excluded volume effect due to macromo-

lecular crowding in the cytoplasm (Zimmerman and Min-
ton, 1993). For in vitro high-resolution microscopy experi-
ments with purified tubulin, in which D is about eightfold
higher than in sea urchin egg cytoplasm and V is --1

,um/min, microtubule assembly occurs at a rate -520-fold
below the diffusion-limited rate. Therefore, even though
these experiments are typically conducted with microtu-
bules assembled close to a glass coverslip (within a few
hundred nanometers) to facilitate visualization, it is very

unlikely that the nearby glass barrier restricts access to
tubulin dimers. Clearly, more in vivo data are needed,
particularly to determine if substructures of the cytoplasm,
such as the actin cortex or kinetochores, are especially
restrictive of tubulin diffusion.

Comparison to previous theoretical analysis

Previous mathematical modeling of diffusion and reaction
in microtubule assembly concluded that microtubules can

interact with each other via tubulin gradients as long as

microtubules are separated by a distance less than a char-
acteristic diffusion length given by 'd = DIV, which for the
basic parameter set used here is -50 ,tm (Dogterom and

gest that XMAP215 acts not to promote tubulin transport as
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model results, in which tubulin gradients about single mi-
crotubules extend over a distance of less than -50 nm. The
Dogterom and Leibler model differs from the present model
in that it models microtubule populations undergoing dy-
namic instability (the two-state assembly dynamics charac-
teristic of microtubules), whereas the present model, of
single microtubules undergoing growth, is designed only to
estimate the theoretical upper limits for the assembly rate of
single microtubules. Although the present model does not
consider the gradients when multiple microtubules are
present, it seems highly unlikely that interactions would
occur over distances as large as 50 ,um. Subsequent analysis
by Dogterom and co-workers reconsidered the situation of
diffusion and reaction for microtubules nucleated from cen-
trosomes. They retracted their earlier scaling criterion (Id)
and concluded that if there are more than 10-1000 micro-
tubules, then diffusion cannot be neglected a priori (Dog-
terom et al., 1995). Using the I-Am centrosomal radius
assumed in their analysis, the average spacing between
microtubules at the centrosomal surface will be -1000 nm
for 10 microtubules and -100 nm for 1000 microtubules
(with the spacing increasing linearly with radial distance),
which is roughly consistent with the 50-nm distance ob-
tained in the present analysis for single microtubule gradi-
ents (considering that the present model is only for single
microtubules). In addition to the immediate vicinity of the
centrosome, microtubules can also be closely spaced in
kinetochores (-50-60 nm; Rieder, 1982) and in axons
(-75 nm; Yamada et al., 1971), and therefore diffusion
would be expected to play a more prominent role in these
specialized structures. However, given that microtubules in
the cell are typically separated by distances much larger
than 50 nm, it seems likely that most microtubules in vivo
are not diffusion-limited in their growth. In addition, both
a-tubulin synthesis and ,B-tubulin synthesis are autoregu-
lated such that decreased free tubulin levels promote new
tubulin synthesis (Ben-Ze'ev et al., 1979; Cleveland et al.,
1981; Gonzalez-Garay and Cabral, 1996). Thus any persis-
tent gradients would tend to be offset to some extent by
increased synthesis.

Role of diffusion in dynamic instability
Even though single microtubule assembly is not predicted
by the model to be diffusion-limited, diffusion could play a
role in modulating the transition frequencies of dynamic
instability. Microtubule growth is believed to be mediated
by the presence of a stabilizing cap of GTP-tubulin subunits
(reviewed in Bayley, 1990; Carlier, 1991; Erickson and
O'Brien, 1992), and it has been shown that increased GTP-
tubulin concentration reduces the frequency of the growth to
shrinkage transition ("catastrophe"), suggesting that GTP-
tubulin availability plays a role in this transition process
(Walker et al., 1988; Martin et al., 1993). In addition,
microtubules are temperature-sensitive and tend to disas-
semble when cooled to near freezing. This phenomenon

could be explained, at least in part, by a decreased diffu-
sivity, which would make a transient lack of GTP-tubulin
occur more frequently. When microtubules are cooled from
37°C to 4°C, it is estimated (based on the Stokes-Einstein
relation and the temperature dependence of the viscosity of
water) that the diffusivity would decrease by a factor of
-2.5. Although this would not cause the growth to become
diffusion-limited, it could cause more frequent periods of
inadequate GTP-tubulin supply for continued microtubule
growth, thus leading to more frequent catastrophes. Given
that net microtubule assembly is a competition between
assembly and disassembly, a small increase in the catastro-
phe frequency could cause a phase transition in the system
by pushing it below its so-called critical concentration for
microtubule assembly (Hill, 1987; Fygenson et al., 1994). In
this regard it would be interesting to determine whether the
diffusivity has an effect on the catastrophe frequency, even
under conditions where growth is not expected to be diffu-
sion-limited. In addition, the predicted concentrations of
GDP-tubulin during disassembly are sufficiently high that
they might be expected to play a role in GDP-tubulin-
mediated pauses observed during microtubule disassembly
(Vandecandelaere et al., 1995). This type of diffusive inter-
action could therefore play a role in the synchronous mi-
crotubule-mediated movement of chromosomes during pro-
metaphase, a phenomenon known as directional instability
(Skibbens et al., 1993).

In dividing eukaryotic cells, microtubules connect chro-
mosomes to each of two spindle poles on either side of the
chromosomes. One set of microtubules assembles synchro-
nously on one side of a chromosome while the other set of
microtubules disassembles synchronously on the other side.
Directional instability is where the chromosome switches
direction stochastically, much like dynamic instability, with
the concomitant switching of assembly and disassembly
states of all the microtubules. The mechanism by which
directional instability occurs is not known. Based on the
present analysis, the disassembling bundle on one side of
the chromosome should have a substantially increased local
concentration of GDP-tubulin, which would in turn support
the continued disassembly of microtubules on the side
where disassembly is occurring and provide a means of
"communication" between adjacent microtubules.

I thank Lynne Cassimeris, Harold Erickson, and Mark Riley for critical
comments on a draft version of the manuscript.
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